MAT 103A: Complex Analysis (W21)

Problem Set 3 (Solutions)

Problem Set 3 (Solutions) (Due 1/29/21 11:59PM)

Your Name:

Names of Any Collaborators:

Please review the problem set guidelines in the syllabus before turning in your work.

P1.

P2.

Let U be a domain. Prove that if f is a real-valued function analytic on U, then f is constant
on U.

Proof. If f(z) = u(x,y) + iv(z,y), then v(z,y) = 0 by assumption. We show that f/'(z) =0
on U. Since f is analytic on U, the Cauchy-Riemann equations are satisfied on U. But then
uy = vy = 0. Hence, f'(2) = uz(z,y) + tvz(x,y) = 0. But U is a domain so this implies that
f is constant, according to a result from class. -

Let f(z) = u+ v be a complex-valued function defined on an open set U C C. Suppose that
the first-order partial derivatives of Re f = v and Im f = v exist and are continuous on U.
Define the differential operators’
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(b) If f is analytic on U, show that [’ = —af .

Proof. (a) First, suppose that f is analytic on U. Then the real and imaginary parts of f
satisfy the Cauchy-Riemann equations. Hence,
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(by the CR equations)

! These operators are inspired by the following formal (meaningless) calculation. Consider the functions x(z,%) =

Z—ng and y(z,%) = %5;% (note z = = + iy) and formally apply the chain rule
9 _ 09z 200y _ 01, 01
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Conversely, suppose that af = 0. Since we already know that the real and imaginary
parts of f have continuous ﬁrst—order partial derivatives on U, it is sufficient to show that
the Cauchy-Riemann equations are satisfied. We compute

:3f:1<3u+ 8U+ <3u+ 81}))
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2(m‘ay)+2’(ax+ay>'

Comparing the real and imaginary parts of each side of the equation, we conclude that

gz = g; and a” = — 3%, These are precisely the CR equations, so this proves the claim.

— - Qv
(b) If f is analytic, then the Cauchy-Riemann equations are satisfied and f'(z) = % +ige.
Hence, we have
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= f'(2).

This proves the claim.

P3. (Optional.)? Let U be an open set and let f be a function that is continuous on U with the
property
S =2 zel.
(a) Show that f is analytic on U.?

(b) Consider the function f(z) = log = EC M |z| +iargz, |z| >0, —7 < argz < m. What, if
anything, does part (a) tell you about f? Justify your conclusions.

Proof. (a) Let z € U. Since f is continuous, we have lim,,_,, f(w) = f(z). Hence, since also
the exponential function is entire,
- ef(w) _ of(2) _ eV — f(® _ ),

w—z f( ) — f(Z) vvgr}l(z) v = f(Z)

2This is worth 3 points extra credit, added to your score on this assignment.
3This shows that a continuously defined logarithm on an open set is automatically analytic.
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Thus, we obtain

o T =1G) _ L f(w) — )
w—z w—z woz ef(w) — of (2)
= e
flw)—=f(z)
1

ef(w) _ef(2)

limo—2 Sey=rey
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ef(z)
1

z

Since the limit exists, we have shown that f is analytic on U. Moreover, we have shown

that f'(z) = 1.

(b) Trick question, (a) tells you nothing about this functions — because f is not continuous
on its domain (C\ {0}). Specifically, it is not continuous at any point on the negative real
axis. For instance, consider z = —1. Approaching —1 perpendicularly from the upper
half plane, the limit is 77, while approaching perpendicularly from the lower half plane,

the limit is —m3.

P4. Find all solutions to the equation e?? — 2ie* = 1.

=

Solution. Use the quadratic formula or factor to get e* = i. Then the solutions are z = logi =

In|i|+iargi =1n1+i(n/2 4 2kn) = i(7w/2 + 2kn) where k € Z.

P5. (a) Find real valued functions u,v : R? — R such that e* = u(x,y) + iv(z, y).
(b) Find real valued functions U,V : R? — R such that cos z = U(z,y) + iV (x,y).

(c) Show that e* = €% and cosz = Cos 2.

w
-

Solution. (a) Using the definition of the complex exponential function and Euler’s formula:

e =¢e%e Y
= e” cosy + ie” siny.

So u(z,y) = e* cosy and v(z,y) = e*siny.

(b) Using the definition of the complex-valued cosine function and the definition of the com-

plex exponential function:
2cosz =¢e¥4+e ¥
— Y + e—zx—i-y

=e Y +eYe "

=e Ycosx +ie Ysinx + e¥ cos(—x) + ie¥ sin(—x)

=(eY+e Y)cosz —i(e¥ —e Y)sinx

= 2coshycosz — 2isinh ysin x.

Hence, (after dividing by 2) U(z,y) = coshycosz and V(z,y) = —sinhysinz. Do you
recognize these functions from the chapter 2 lectures? Take a look at the Ch2 notes, pg

19.
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(¢) These follow easily from (a) and (b) and the fact that sinz and cosz are odd and even
functions, respectively. First, using (a) we have

e = ¢e”cosy — e siny
= e” cos(—y) + ie” sin(—y)

=e”.
Second, using (b) we have

cosz = coshycosz + isinhysinz
= coshy cos(—z) — isinh x sin(—x)

= COSZ.

P6. Determine the points at which the following functions are analytic:

(a) €

(b) cosz.

Proof. (a) The preceding problem is screaming at us to use the Cauchy-Riemann equations.
Using P5 (a) and (c), we have e* = e# = u(x,y) — iv(x,y) = €* cosy — ie”siny. The
Cauchy-Riemann equations yield e* cosy = —e®cosy and —e*siny = e*siny. Since
e” > 0, these reduce to cosy = —cosy and siny = —siny. Hence, cosy = 0 and siny = 0.
There are no values of y satisfying both equations. Hence, the Cauchy-Riemann equations
are satisfied nowhere and we can conclude that e? is analytic nowhere.

(b) Similarly, from P5 (b) and (c) we have sinZ = sinz = coshycosz + isinhysinz. The
Cauchy-Riemann equations are then

—coshysinz = coshysinz and sinhycosxz = —sinhycosz.

Hence, coshysinx = 0 and sinh y cosz = 0. Since cosh y has no zeros, we obtain sinx = 0
so that x = kn, k € Z. Hence, cosx # 0, which implies that sinhy = 0. Hence, y = 0.
So, the Cauchy-Riemann equations hold only at the points z = k7 for k € Z. But these
points are all isolated — there is not neighborhood of any point throughout which sinz is
analytic. Thus, sinZ is nowhere analytic.

Note: it is possible that cosZ exists at the points z = km, but analyicity is a stronger
requirement.

®

P7. Let z € C.

(a) Prove that ¥ [17| is single-valued if and only if Im z = 0.
(b) Find a necessary and sufficient condition for |i%*| to be single-valued.

(c) (Optional.)* Show by counterexample that the statement is false: 17 is single-valued if
and only if Im z = 0.

4Worth 1 point extra credit, added to your score on this assignment.
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Proof. (a) A calculator shows:

17 = 6(a:Jriy) logl _ e(w+iy)2k7ri _ efy2k7re:1:2k:7ri'

Since e ¥2*™ ¢ R\ {0} and 22kmi is purely imaginary, we see that we have written 17 is
exponential form (polar form). Hence, |17| = e~¥2k7. Since k can be any integer, this is
clearly single-valued if and only if Imz =y = 0.

(b) We claim that |iiz| is single-valued if and only if Rez = 0. A computation shows:

,L'iz _ ei(eriy) logi _ e(iazfy)('n'/2+2k7r)i _ 671’(71'/2+2k7r)efy(ﬂ'/2+2k7r)i'

Now this has been written in exponential form since e=*("/2+2k7) ¢ Rsetminus{0} and
—y(m/2 + 2km)i is purely imaginary. Hence |i**| = e=®("/2+2k™) which depends on the
integer k € Z and hence is single-valued if and only if Rez =z = 0.

(¢) Take z = 1/2 so that Imz = 0. Then 11/2 = ¢z lo81 — ¢kmi — 47,
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